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central load (p2 = 0) is depicted in Fig. 2 and the interaction
curves are symmetric about the ray Pi=p3. Finally, sym-
metric load distributions are considered in Fig. 3 wherep7 and
p3 are equal to each other and their ratio withp2 is varied.

As one might expect, the interaction curves move closer to
the origin with increasing pulse duration // .In other words,
the critical value of the initial load magnitude at / = 0
decreases if the load is applied to the arch for a longer time.
Step loading provides the limiting case. (If one were to use the
pulse areas p/ftf/2 as the coordinates on the axes, the in-
teraction curves would move inward with decreasing pulse
duration and would approach the curve for impulse loads.)
The presence of damping is seen to increase the critical loads,
except in the case of step loading in Fig. 3, and to cause little
change in the shapes of the curves, except in the aforemen-
tioned case and for (/• = 1A in Fig. 2 near the ray /?/ =p3.

The lowest critical load, as far as the sum of the magnitudes
is concerned, occurs when either PJ or p3 is applied by itself.
The arch is especially resistant to snap-through when the
loading is symmetric. At /?/ =p3 in Fig. 2, the interaction
curves develop a spike as //-*0, indicating extreme sensitivity
to asymmetric imperfections.

Knowledge of the shapes of interaction curves can
sometimes be used to obtain bounds and approximations for
critical load combinations in related problems. In most of the
results presented here, for example, a straight line connecting
the critical loads on the two axes furnishes stable load
combinations (although they are sometimes less than one-half
of the critical values). The shapes of the interaction curves
may change as the pulse duration changes, and no general
convexity property can be stated.
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Introduction

IT is sometimes necessary to include nonlinear boundary
conditions and material property variations into the

analysis of a heat conduction problem.1;5 Because these ef-
fects cannot be taken into account by using classical methods,
approximate methods including these effects in a systematic
manner are needed. Two such methods are the heat balance
integral technique and the variational technique.

In this Note, the variational embedding technique is
presented to be a new approximate method which can also
include these aforesaid effects in a systematic manner. The
theory of variational embedding was systematically developed
by Edelem.6 Bhatkar and Rao have applied it to the
distributed systems control.7 Now, this technique is used to
solve the radiative heat transfer problem of a semi-infinite
body with variable thermal properties. The results for several
examples are shown in graphical form and comparisons are
made with other available solutions.

Methods and Results
Consider the heat loss from a semi-infinite solid at a rate

proportional to a power m of the surface temperature when
both thermal conductivity and heat capacity are a function of
temperature. Its initial temperature is T0 while the ambient
temperature is Te. The governing partial differential equation
for the problem can be written in the form:
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dx

subject to the following conditions

*?dx

T(x,0) = T0

= h[Tm(0,t)-Te
m}

(1)

(2)

(3)

The thermal conductivity and heat capacity are assumed to
be a power series of temperature

(4)

(5)u(T)=uR\l+ ^bj
L j=i
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Introducing the following dimensionless parameters:

6 = 1-T/T0, t = l-

(6)

where OLR = kR/uR and d is a fictitious penetration depth, Eqs.
(1-3) become

\ri 1-
E M'-H £ = ̂

(8)

'-«» at X=0 (9)

where ue = Te/T0.
Assume the trial function for the dimensionless tem-

perature profile, satisfying conditions (8) and (9)/to be of the
form

ZAM

(10)

(11)

Substituting 0(^Cr) and A(X,r) into Eq. (13) and integrating
partially with respect to X, the; Euler equation for X(r) ob-
tained from the resulting functional comes out to be

where M= 0.11015, P=0.08828

I

I'4)

where Z=X/r\.
Choosing the adjoint function

(15)

xh/k

r _ M« + ̂

the Lagrangian functional which embeds Eqs. (7-9) is

(T)

(13)

where the interval [0,7] is arbitrary.
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Fig. 1 Surface temperature history; heat loss from the surface of a
semi-infinite solid at a rate proportional to a power m of the surface
temperature.
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Fig. 2 Internal temperature distribution at different values of time;
heat loss from the surface of a semi-infinite solid at a rate propor-
tional to the m power of the surface temperature.
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Fig. 3 Temperature history at the radiative surface of a semi-infinite
.solid with variable thermal properties.
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From Eqs. (9) and (10), we have

(16)

Substituting Eq. (16) into Eq. (14) and integrating its result,
then we finally get

j-=l

. . . . . ' • (17),

For the case of constant thermal properties, the solution of
Eq. (17) becomes

m = 4 r=0.31831(l-\l/)-8-0.57203(l-\l/)-7

+ 0.24294(1-t)-6 + 0.01528 (18)

m = l 7=0.31831(1 -t) -2-b

+ 0.45217^(1-^) -0.13386 . (19)

The surface temperature histories and internal temperature
distribution which are expressed in closed analytical form are
shown in Figs. 1 and 2, and compared with other available
solutions.1'2'8 The agreement is good in both cases and all of
the curve no distinction between the results is evident.

In another special case, the thermal conductivity and heat
capacity are assumed to be a linear function of the tem-
perature

(20)

(21)u(0)=

The solution of Eq. (17) becomes

r= f fy[0.22030(l + W)-0.06758bt]

[0.34605(1 + at)

(22)

The surface temperature histories for w = 4; a= +0.5, 0,
-0.5; and b= -1-0.5, 0, -0.5 are shown in Fig. 3 and com-
pared with numerical solutions and integral solutions.3 The
agreement was found to be good. It is interesting to note that
the cooling of the semi-infinite body proceeds more slowly in
the case a> 0 and

Remarks
For the case of material property variations, both the

thermal conductivity and heat capacity can be expressed in
terms of. power series of variable temperature. The surface
temperature history obtained by the variational embedding
technique is in integral form. However, the solution becomes
closed form for the constant thermal property case/The
results of all considered cases have been presented in
graphical form and comparisons have been made with other
solutions. Agreement was found to be good. From the results
of the analysis, it appears that the present technique is a
simple, fast and straightforward method. In addition to the
accuracy, the variational embedding technique has been
shown to provide a systematic means of deducing the surface
temperature history for one-dimensional nonlinear heat
transfer problems.
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Introduction

THE purpose of this Note is to provide analytic equations
and calculated numerical results to enable quick and

accurate evaluation of the total heat transfer to a conical body
in a hypersonic flow environment. From such information,
thermal protection system requirements for conical bodies in
hypersonic flowfields can be determined.

Local Heat-Transfer Rates
An expression is needed for the total integrated heat

transfer in hypersonic flow environments as a function of
appropriate flowfield, body scale, and body geometry
parameters. First, an expression is required for the local heat-
transfer coefficient. In Refs. 1 and 2, the boundary-layer
integral momentum equation is solved, and Reynolds analogy
and a compressibility transformation are applied to obtain the
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